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Helmholtz decomposition

Theorem — HH decomposition [Lad87] Let f € L?(R%R?). There exists two
uniquely defined vector fields g, h € L*(R% R?) such that

2 2
f=g+h ge{VplpeCr] , he{peC RELERY) | divp =0} .
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There exists two

Let f € L2(R%RY).

h € L?(R% R?) such that

Theorem — HH decomposition [Lad87]

uniquely defined vector fields g,

RELRY) | divg = 0} .
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Aim of the talk

e Introduce a generalization in the case of

measure fields. - D o D P
- P P P ) P P =l
- anp =P e anp =P el o=
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Aim of the talk

e Introduce a generalization in the case of
measure fields.

e Vector field : x — f(z) € T,RY.
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Aim of the talk

e Introduce a generalization in the case of

: »
measure fields. » ® o _~ _»

S T S S S

e Vector field : 2 — f(z) € T,R% B S S P )
e Measure field : z +— &, € 2(T,R9). TS TS S SsSss
e To allow for definitions only u—a.e., il e BC e I

better suited to consider measures on

TR? = {(z,v)} with z € R? and
veT,RY je. P P IO P EP P P e o

P P P P P P P P
S N5 N H O ™ ™™
® & L L
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Aim of the talk

e Introduce a generalization in the case of

: »
measure fields. » ® o _~ _»

S T S S S

e Vector field : 2 — f(z) € T,R% P > P > > > >

o Measure field : z — &, € 2(T,R%). TS SSSSsSss-sS
e To allow for definitions only u—a.e., e e B B e A 2
bet’fier suited to co.nS|der medasures on === Sug =Nty Srng= =P

TR = {(z,v)} with z € R* and

veT,RY je. P P IO P EP P P e o
P(TR? DI LOTOLO IO,

€ ( ) P P P P P P P P
) . S Ny W Wy W W W

e Derive a formulation of the tangent cone 2 I I B A
to the Wasserstein space. * S Y S M e
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The metric space 25 (R%)
@0000

Table of Contents

The metric space Z5(R%)

Averil Prost Swirling measures April 30, 2024 4/15



The metric space 25 (R%)
(o] Jelele]

Wasserstein space

Let pi0, 11 be Borel probability measures such that [ . |l2|? dpi(z) < oo.
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The metric space 25 (R%)
(o] Jelele]

Wasserstein space

Let pi0, 11 be Borel probability measures such that [ . |l2|? dpi(z) < oo.

Def — Wasserstein distance

dyy (i, v) = inf & — yl? dw,
(z.9)e(®RY)?

where w € 25((R%)?) is such that

/dwzy and /dwzu.
z y

(@2(Rd), dW) is a complete geodesic metric space.
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The metric space Z2:
(o] Jelele]

Wasserstein space

Let pi0, 11 be Borel probability measures such that [ . |l2|? dpi(z) < oo.

Def — Wasserstein distance o i o
o
e v
d%/V(M7 V) = inf |J;—y|2dw, \\ (] °
(z.y)E(RY)2 A A
0—/.(_ _;{ \
where w € Z,((R%)?) is such that P P ===
« 4 °
e
/dwzy and /dwzu.

(@2(Rd), dW) is a complete geodesic metric space.
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The metric space 25 (R%)
[e]e] Tele]

Measure fields

Let TR? := {(z,v) | 2 € RY, v € T,R?}. Denote f#a the measure ao(f71(-)).
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The metric space 25 (R%)
[e]e] Tele]

Measure fields

Let TR? := {(z,v) | 2 € RY, v € T,R?}. Denote f#a the measure ao(f71(-)).

Def — Measure field A measure & € P25(TR?) is a measure field attached to u €
P5(RY), denoted & € Po(TRY),,, if T, #E = p.
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The metric space .517’2('}’.'1) position for measure fields
[e]e] Tele]

Characterization of Tan

Measure fields

Let TR? := {(z,v) | 2 € RY, v € T,R?}. Denote f#a the measure ao(f71(-)).

Def — Measure field A measure & € P25(TR?) is a measure field attached to u €
P5(RY), denoted & € Po(TRY),,, if T, #E = p.

Any vector field f € Li identifies with § = f#fu, for which &, = 6, f(a))

Def — Distance between measure fields [Gig08]

WEE0 = [y (G i)
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The metric space .517’2('}’.'1) position for measure fields
[e]e] Tele]

Characterization of Tan

Measure fields

Let TR? := {(z,v) | 2 € RY, v € T,R?}. Denote f#a the measure ao(f71(-)).

Def — Measure field A measure & € P25(TR?) is a measure field attached to u €
P5(RY), denoted & € Po(TRY),,, if T, #E = p.

Any vector field f € Li identifies with § = f#fu, for which &, = 6, f(a))

Def — Distance between measure fields [Gig08]

WEE0 = [y (G i)

In particular, W, (f#u, g#1) = |If — gllrz-
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The metric space 25 (R%)
[e]e]e] o]

Tangent cone: the geometric approach

Canonical construction of the tangent
cone [AGS05, Gig08]

Let u € P5(RY).
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The metric space 25 (R%)
[e]e]e] o]

Tangent cone: the geometric approach

Canonical construction of the tangent
cone [AGS05, Gig08]

Let u € P5(RY).

P(R%) 0"
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The metric space 25 (R%)
[e]e]e] o]

Tangent cone: the geometric approach

Canonical construction of the tangent
cone [AGS05, Gig08]

Let € P5(R?). Consider
e the n € P5(TR?),, such that

s> (g + 8Ty)#N
P(R%) 1

is a geodesic;
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The metric space &5 (R?)
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Tangent cone: the geometric approach

Canonical construction of the tangent
cone [AGS05, Gig08]
Let € P5(R?). Consider

e the n € P5(TR?),, such that

s> (g + 8Ty)#N
P(R%) L

is a geodesic;

e the positive cone « -7 for all a > 0,
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The metric space 22
[e]e]e] o]

Tangent cone: the geometric approach

Canonical construction of the tangent
cone [AGS05, Gig08]
Let € P5(R?). Consider

e the n € P5(TR?),, such that

s> (g + 8Ty)#N N

is a geodesic; 1\
e the positive cone « -7 for all a > 0,

e the completion of the previous cone
with respect to W,,.

The resulting set is denoted Tan, 25 (R%).
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The metric space 25 (R%)
0000e

Link with gradient fields

What is the link between Tan,, and gradient fields?
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The metric space 25 (R%)
0000e

Link with gradient fields

What is the link between Tan, and gradient fields? First, if 1 is "kind”, direct representation.

Theorem — Tangent space to a regular measure [Bre91] Assume that u is abso-
lutely continuous with respect to the Lebesgue measure. Then

Tan, Z,(RY) = {(Vyp | p € CSO}L“#,u =: Tan, Z5(R%).
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The metric space &5 (R?)
0000e

Link with gradient fields

What is the link between Tan, and gradient fields? First, if 1 is "kind”, direct representation

Theorem — Tangent space to a regular measure [Bre91]

Assume that p is abso-
lutely continuous with respect to the Lebesgue measure. Then

Tan, Z,(RY) = {(Vyp | p € CSO}L“#,u =: Tan, Z5(R%).

In the general case, one has the following.

Theorem — Vertical superposition of the tangent cone

For any 1 € Tan, Z5(RY),
there exists w € P,(Tan,) such that for all ¢ € Cy(R%R),

/(x,v)eTRd SO(x? U)dn(x, U) N /bETanu /xe]Rd SD(x, b(x))du(x)dw(b).

Auveril Prost
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Decomposition for measure fields
@000
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Decomposition for measure fields
[e] le]e}

Solenoidal measure fields

In Li, solenoidal (divergence-free) fields are orthogonal to gradient vector fields.
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Decomposition for measure fields
[e] le]e}

Solenoidal measure fields

In Li, solenoidal (divergence-free) fields are orthogonal to gradient vector fields.

Def — Metric scalar product Let 1 € 25(R%), and £,¢ € P5(TRY),,.

LIENZ + IS = W2(E, Q)] where |||, = W2(€,0,).

N | =

(€ ¢ =
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Decomposition for measure fields
000

Solenoidal measure fields

In Li, solenoidal (divergence-free) fields are orthogonal to gradient vector fields.

Def — Metric scalar product Let 1 € 25(R%), and £,¢ € P5(TRY),,.

LIENZ + IS = W2(E, Q)] where |||, = W2(€,0,).

N | =

(€ =

We may now define the set Sol, %5 (R?).
Def — Solenoidal measure fields An element ( € 9(TR?),, is said solenoidal if

(n,¢), =0 V¥ € Tan, P (RY).

Averil Prost Swirling measures April 30, 2024
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Decomposition for measure fields
[e]e] e}

Examples

e If 4 =8, then Sol, = {0,}. Indeed, any ¢ € Z5(TR?),, induces a geodesic, hence
belongs to the tangent cone.
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[e]e] e}

Examples

e If 4 =8, then Sol, = {0,}. Indeed, any ¢ € Z5(TR?),, induces a geodesic, hence
belongs to the tangent cone. Very small!

e If 41 is absolutely continuous, then Tan, = Tan,, and for any ¢ € WQ(TRd)M,

(F#0,0), = (F,Baryraa (O where Baryrpu (C)(0) = | vdc(a.v).

vET LR
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Decomposition for measure fields
[e]ele] ]

HH decomposition for measure fields

Recall that in the classical case, f = g + h, or in weak form,

/ o, [(2))dp = / (@, g(x) + h(@)dp Vi € C(TR%R),

x x
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Decomposition for measure fields
[e]ele] ]

HH decomposition for measure fields

Recall that in the classical case, f = g + h, or in weak form,

/ o, [(2))dp = / (@, g(x) + h(@)dp Vi € C(TR%R),

x x

Theorem — HH decomposition For any £ € L@g(TRd)”, there exists an unique pair
n € Tan, and ¢ € Sol, such that for some measurable family (o), with o € T'(n2, (2)
for a.e. x € suppy,

/ o(z,v)dE = / _— oz, v+ w)d[ay @ Yo € Cb(TRd; R).
(zv) (v,w)E(TLRY)?
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Characterization of Tan
[ le]e}
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal
if and only if é
AN h
Ce——
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Characterization of Tan
(o] T}

Escaping behaviour

\
r\0 h

Proposition A measure field £ is solenoidal _
if and only if 2~ " :
N €
\
/
/

I

\\~
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal ===
. . T
if and only if S\ :
’ \ é
/ \
lim dW(:U’u (7Ta: + hﬂ'v)#g) = 0. II \
AN\0 h ] \
L J I
I
\
\ /)
\ 7
» ’
AN A
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal Y AaE
. . 7’ ———
if and only if ’ S
’ \ é
/ \\
/
r\0 h \
L J 1
|
\
\ /
\ /
\ /
\ /
\ ’
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal P S Ly
if and only if , >
/ \ é
/ \\
d h /
lim W(:U’u (7Ta: + Wv)#g) —0. / \
hN\0 h :
L ] ‘
In this case, the tangent component of £ is 0,,. \ I
\
\ /
\ /
\ /
N /
e /7
\\ 7
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal é
if and only if
AN\ h

. J

In general, if 7#¢ denotes the tangent component,

i & w (e + by ) # 1, (o + Iy ) #E)
h\0 h

In this case, the tangent component of £ is 0,,. v
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Characterization of Tan

(o] lo}

Escaping behaviour

Proposition A measure field £ is solenoidal
if and only if

lim dW(,U/u (7T:(: + hﬂ-v)#i) —0.

AN h

In this case, the tangent component of £ is 0,,.
In general, if 7#¢ denotes the tangent component,

lim dw((ﬁx + hﬂfu)#ﬂﬂfa (7r:c + hﬂv)#f)
h\0 h

=0.
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal é
if and only if S Sy ‘
’ i ¢§ W/é
A h : " \ \!
]
L - 1] 1 3 I,
In this case, the tangent component of £ is 0,,. ',

/
In general, if 7#¢ denotes the tangent component, \ ,
DN A4
N
lim dw (7 + hmy)#7HE, (T2 + hry)#E) —0 S :‘

h\0 h
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Characterization of Tan
(o] T}

Escaping behaviour

Proposition A measure field £ is solenoidal - é
if and only if R - S R //{
, T
Ll (e hm)#E) by 4
R\0 h 11 ~
L ) 11 :
In this case, the tangent component of £ is 0,,. W\
In general, if 7#¢ denotes the tangent component, WV
W ’
i D (0 + by #mE, (e + h)#6) NV P /
hN\O h == /
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Tangent cone: quotient approach

Characterization of Tan

ooe

Construction of the tangent cone Quotient construction
Let 11 € P25(R%). Consider Let 4 € Po(RY).
e the £ € P5(TRY),, such that

S+ (my + sTy)F#E

is a geodesic;
e the positive cone - £ for all o > 0,
e the completion of the previous cone
with respect to W,,.
The resulting set is denoted Tan, %%, (R%).
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Characterization of Tan
[efe] ]

Tangent cone: quotient approach

Construction of the tangent cone Quotient construction
Let 11 € P25(R%). Consider Let u € P5(RY). Define & ~, C if
e the £ € 25(TR?), such that
(TR, (75 + W )G, s+ o )) = ().

S+ (my + sTy)F#E

is a geodesic;
e the positive cone - £ for all o > 0,
e the completion of the previous cone
with respect to W,,.
The resulting set is denoted Tan, %%, (R%).
April 30, 2024 15 /15
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Characterization of Tan
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Tangent cone: quotient approach

Construction of the tangent cone Quotient construction
Let 11 € P25(R%). Consider Let u € P5(RY). Define & ~, C if
e the £ € 25(TR?), such that
(TR, (75 + W )G, s+ o )) = ().

S+ (my + sTy)F#E

Tan, 25(R%) = 2,(RY),,/ ~, |

is a geodesic;

e the positive cone - £ for all o > 0,
e the completion of the previous cone
with respect to W,,.
The resulting set is denoted Tan, %%, (R%).
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Characterization of Tan
[efe] ]

Tangent cone: quotient approach

Construction of the tangent cone Quotient construction
Let 11 € P25(R%). Consider Let u € P5(RY). Define & ~, C if
e the £ € 25(TR?), such that
(TR, (75 + W )G, s+ o )) = ().

S+ (my + sTy)F#E

Tan, 25(R%) = 2,(RY),,/ ~, |

is a geodesic;

e the positive cone o - € for all @ > 0,
P . ¢ ] - That's it!
e the completion of the previous cone
with respect to W,,.
The resulting set is denoted Tan, %%, (R%).
April 30, 2024 15 /15
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Characterization of Tan
000

Thank you!
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